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Abstract
The present paper discusses various mathematical aspects about the rapidity symmetry in
chiral Potts model (CPM) in the context of algebraic geometry and group theory . We re-
analyze the symmetry group of a rapidity curve in N -state CPM, explore the universal group
structure for all N , and further enlarge it to modular symmetries of the complete rapidity family
in CPM. As will be shown in the article that all rapidity curves in N -state CPM constitute a
Fermat hypersurface in P3 of degree 2N as the natural generalization of the Fermat K3 elliptic
surface (N = 2), we conduct a thorough algebraic geometry study about the rapidity fibration of
Fermat surface and its reduced hyperelliptic fibration via techniques in algebraic surface theory.
Symmetries of rapidity family in CPM and hyperelliptic family in τ (2)-model are exhibited
through the geometrical representation of the universal structural group in mathematics.
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1 Introduction
In the study of the two-dimensional N -state chiral Potts model (for a brief history account, see,
e.g. [5] or [17] section 4.1 and references therein), ”rapidities” of the statistical model are 4-vector
1
ratios p = [a, b, c, d] in the projective 3-space P3 satisfying the following equivalent equations of an
algebraic curve of genus N3 − 2N2 + 1:
Wk′,k :
{
kaN + k′cN = dN ,
kbN + k′dN = cN .
⇐⇒
{
aN + k′bN = kdN ,
k′aN + bN = kcN ,
(1.1)
where k′, k are temperature-like parameters 6= 0,±1 with k2 + k′2 = 1. This high genus rapidity
curve possesses a large symmetry group, which has played an essential role in the solvability of the
N -state chiral Potts model (CPM) as the natural generalization of Ising-model (N = 2). It is easy
to see that the following transformations of P3 preserve the equation (1.1):
M (1) : [a, b, c, d] 7→ [ωa, b, c, ωd], M (2) : [a, b, c, d] 7→ [ωa, ωb, c, d],
M (3) : [a, b, c, d] 7→ [c, ω
1
2d, ω
−1
2 a, ω−1b], M (4) : [a, b, c, d] 7→ [a, b, ω−1c, d],
M (5) : [a, b, c, d] 7→ [d, ω
1
2 c, ω
−1
2 b, a], M (0) : [a, b, c, d] 7→ [ωa, b, ωc, d],
(1.2)
where ω = e
2πi
N , hence induce the symmetry of Wk′,k as elements in the automorphism group
Aut(Wk′,k). Indeed, for N ≥ 3, Aut(Wk′,k) is an order 4N
3 group generated by automorphisms in
(1.2) ([2], [21] Proposition 1):
Aut(Wk′,k) = 〈M
(j)〉5j=0, |Aut(Wk′,k)| = 4N
3, (N ≥ 3). (1.3)
The purpose of this paper is to explore the universal structure of Aut(Wk′,k) for all N , based
in part on earlier quantitative studies in [21], then enlarge the Wk′,k-symmetry of a single curve
to ”modular” symmetries of the complete family of rapidity curves for all (k′, k) including the
degenerated k′ = 0,±1,∞. The parameters (k′, k) of (1.1) can be identified with the 3-vector ratios
[k′, k, 1] ∈ P2 in a quadratic hypersurface of P2, which is biregular to P1 via the correspondence
Λ := {(k′, k) ∈ P2|k2 + k′2 = 1} ≃ {κ′ ∈ P1}, κ′ = k′ + ik = (k′ − ik)−1 = (k
′+ik
k′−ik )
1
2 . (1.4)
Here κ′ is a complex parameter including ∞, identified with elements in P1 via
C ∋ κ′ ←→ [κ, 1] ∈ P1, κ′ =∞←→ [1, 0] ∈ P1.
Note that in (1.4), k′ =∞ iff k =∞ with ikk′ = 1 or −1, which corresponds to κ
′ =∞, 0 respectively.
Then for each (k′, k) ∈ P2 in (1.4), the four equations in (1.1) defines a rapidity curve in P3, i.e.
other than those in (1.1) for k′ 6= 0,±1,∞, the rest are degenerated curves consisting of N2 lines
of P3 defined by
Wk′,k, (k
′, k) = (0,±1), κ′ = ±i : aN = ±dN , bN = ±cN ;
Wk′,k, (k
′, k) = (±1, 0), κ′ = ±1 : cN = ±dN , aN = ∓bN ;
Wk′,k (k
′, k) = (∞,∞±), κ
′ =∞±1 : aN = ∓icN , bN = ∓idN ,
(1.5)
where (k′, k) = (∞,∞±) denotes the case (k
′, ikk′ ) → (∞,±1) as k
′ → ∞. The collection of all
rapidity curves in (1.1) and (1.5) form a family over Λ:
W(= W(N)) =
⊔
(k′k)∈ΛWk′,k −→ Λ, (1.6)
2
which can be identified with a Fermat hypersurface in P3 of degree 2N (see, (3.1) in the paper).
Hence the symmetry of Fermat rapidity fibration (1.6) over Λ can be studied in the context of
algebraic geometry as the natural generalization of the elliptic fibration of Fermat K3 surface
(N = 2). In this work, we identify the symmetry group of the rapidity family (1.6) as an extension
of the automorphism group (1.3) with PSL2(Z4) generated by two ”modular” symmetries T, S
of the fibration (1.6) (see, Theorem 3.1 in the paper). Due to the lack of difference property of
rapidities in (1.1) for N ≥ 3, the computation of some physical interesting quantities in CPM, such
as eigenvalue spectrum and eigenvectors [1, 4, 7, 18, 22, 23] or order parameter [8, 9], relies on the
functional-relation method in [10], by regarding CPM as a descendant of the (six-vertex) τ (2)-model
[11] (see, also [24]), with the τ (2)-spectral parameter lying on some hyperelliptic curves reduced from
(1.1). Through the principle of symmetry reduction, the algebraic geometry study of the rapidity
fibration (1.6) can be carried over to the complete family of hyperelliptic curves. We are able
to determine the geometrical properties and symmetries of the hyperelliptic fibration, especially
the singularity structure around degenerated curves, by techniques of surface theory in algebraic
geometry. In this paper, we conduct a qualitative investigation of symmetry about the chiral
Potts rapidity family in (1.6), in contrast to the usual quantitative approach, where the discussion
proceeds through the explicit form of symmetries as in (1.2). The common structural characters of
the symmetry group for all N will be our main concern. Indeed, we build a mathematical model
in group theory, which contains the universal structure of automorphism groups of the chiral Potts
curve in (1.1) and the rapidity fibration in (1.6). Through the representation of the universal
group, one obtains the quantitative expression of symmetries of the rapidity family (1.6), as well
reproduces accurately the known ones in (1.2).
This paper is organized as follows. In Section 2, we setup a mathematical model in the context
of group-theory formulation for the study of symmetries of chiral Potts curves and rapidity family.
The solvable groups and its PSL2(Z4)-extension, G ⊂ G˜, GN ⊂ G˜N (N ≥ 2) (see, (2.1) (2.27) (2.5)
(2.32) in the paper), are introduced in Subsection 2.1, where the structures and properties of the
groups are discussed in detail by using the approach of mathematical derivations. In Subsection
2.2, we discuss the (Z2 ×DN )-structures as quotients of the CP group GN in group theory, where
DN is the dihedral group which, together with Z2, describes the symmetries of hyperelliptic curves
in τ (2)-model of CPM. The relationship of these (Z2×DN )-structures under the action of modular
symmetries is also examined through the group structure of G˜N . Section 3 is devoted to the alge-
braic geometry study of rapidity family (1.3) in CPM and the hyperelliptic family in τ (2)-model. In
Subsection 3.1, we first precisely identify the rapidity family (1.3) of N -state CPM with a degree-
2N Fermat hypersurface of P3 (see, (3.1) in the article). Through the representation theory of
structure groups introduced in Section 2, the automorphism group of Wk′,k in (1.1) is correctly
reproduced via the geometrical representation of GN , as well as the modular symmetries of (1.3)
which generate the extended group PSL2(Z4) in G˜N . Furthermore, G˜N is geometrically character-
ized as the automorphism group of the rapidity-fibered Fermat surface (Theorem 3.1 in the paper).
In Subsection 3.2, we investigate the geometry and symmetry structure of the hyperelliptic(-curve)
families in CPM, which are related to the rapidity fibration of Fermat surface by the symmetry
3
reduction. However the global structure of the hyperelliptic family is drastically affected by the
reduction process, in particular, the orbifold singularities that occurs in the degenerated fibers.
By using techniques in algebraic surface theory and toric geometry, we explicitly construct the
minimal resolution of the hyperelliptic-fibered surface. An analysis about the geometry properties
and global symmetries of the surface is performed in details by the method of algebraic geome-
try. In Subsection 3.3, we focus on the N = 2 case, where the rapidity family is the well-known
Fermat elliptic K3 surface, and the rapidity discussions in previous sections (in Ising model case)
can be also illustrated in the context of uniformalization of elliptic curves. The demonstration
provides a conceptual insight about the group-theory approach of CPM symmetry in this work
that deserves to be known, as well as some additional informations valid only for N = 2. By using
the theta-function representation of rapidity variables, the symmetry of the Fermat K3 elliptic
fibration is well described by elliptic and modular transformations of uniformalization parameters.
Geometrically, all rapidity families for N = 2 are elliptic K3 surfaces over H/PSL2(Z4).
Notation: In this paper, we use the standard notations in group theory. Let G be a group, and
H,H ′ be subgroups, B be a subset of G. We denote
〈B〉 := the subgroup of G generated by B,
〈〈B〉〉N := the normal subgroup of G generated by B,
N(H,H ′) := {g ∈ G|gHg−1 = H ′},
N(H) := N(H,H) the normalizer of H in G.
(1.7)
2 Algebraic Theory in Symmetry of Chiral Potts Model
In this section, we build a mathematical model in group theory, based on common properties
of rapidity symmetries in CPM. The algebraic formulation of the symmetry groups contains the
universal structure and essential characters of automorphism groups appeared in the study of CPM.
However, in contrast to the usual quantitative approach in CPM, discussions in this section are
carried out in a form of abstract mathematical derivation in group theory, knowledges in rapidities
and CPM not required. The connection between the abstract groups in mathematic and the
symmetry in CPM will be discussed later in Section 3.
2.1 CP group and modular CP group
First we define the group which characterizes the universal structure of automorphism groups of a
rapidity curve (1.1) for all N .
Definition: The universal CP (chiral Potts) group G is the group generated by u1,u2,U with
elements Umun22 u
n1
1 for m,n1, n2 ∈ Z, whose generators satisfy the relations:
(i) u1u2u
−1
1 = U
2u−32 ,
(ii) uiUu
−1
i = u
−1
i Uui = U
−1u2i (i = 1, 2).
(2.1)
✷
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The conditions (2.1) are equivalent to the following relations:
(2.1)(ii) ⇔ uiUu
−1
i = U
−1u2i , u
2
iU = Uu
2
i ,
⇔ uiU
ku−1i = U
−ku2ki (k ∈ Z), ⇔ u
−1
i U
kui = U
−ku2ki (k ∈ Z),
(2.1)(i) ⇔ u1u2 = u2U
−2u1,
(2.2)
where i = 1, 2. By (2.2), one obtains
u1u
2
2u
−1
1 = u
−2
2 , u
2
1u
2
2 = u
2
1u
2
2,
u2u1u
−1
2 = U
−2u42u1, u2u
2
1u
−1
2 = u
−2
1 .
(2.3)
Hence G is a solvable group in which u21,u
2
2,U generate a abelian normal subgroup of G with the
quotient group Z22:
G1 = 〈u
2
1,u
2
2,U〉(≃ Z
3)✁ G −→ G := G/G1 = 〈u1,u2〉(≃ Z
2
2). (2.4)
In general, we define
Definition: For N ≥ 2, the (N -state) CP group GN is the quotient group of G by the abelian
(normal) subgroup GN generated by u
2N
1 ,u
2N
2 ,U
N :
GN = 〈u
2N
1 ,u
2N
2 ,U
N 〉(≃ Z3)✁ G −→ GN := G/GN = 〈u1, u2, U〉, (2.5)
where ui(= uiN ), U(= UN ) are the classes of ui,U in GN . ✷
Since GN ⊃ G1, by the projections in (2.4) and (2.5), GN is a solvable group of order 4N
3:
GN,1 = 〈u
2
1, u
2
2, U〉(≃ Z
3
N )✁ GN −→ GN/GN,1 = 〈u1, u2〉(≃ Z
2
2), |GN | = 4N
3. (2.6)
where GN,1 := G1/GN and GN/GN,1 = G. Indeed, the group GN is characterized as the group
with three generators u1, u2, U satisfying the relations in (2.1) and the finite-order condition:
u2N1 = u
2N
2 = U
N = 1. (2.7)
Furthermore, the relation GN ′ ⊇ GN is equivalent to
GN ′ −→ GN , (u1, u2, U)N ′ 7→ (u1, u2, U)N iff N |N
′.
We now describe the center of G and GN :
Lemma 2.1 Cent(G) = id, and for N ≥ 2,
Cent(GN ) =
{
id, N : odd;
〈uN1 , u
N
2 〉 (≃ Z
2
2) N : even.
(2.8)
Proof. First, we consider the case G and write an element v in the center Cent(G) by v = Umun22 u
n1
1
and ni ≡ ǫi (mod 2) with ǫi = 0, 1 for i = 1, 2. By (2.2), u1U
mu−11 = U
−mu2m1 , u1u
n2
2 u
−1
1 =
(U−2u−32 )
ǫ2u
−n2+ǫ2
2 , and u
2
1(U
−2u−32 )
ǫ2 = (U−2u−32 )
ǫ2u
2(−1)ǫ2
1 . Hence
v = u1vu
−1
1 = U
−m−2ǫ2u
−n2−2ǫ2
2 u
n1+2m(−1)ǫ2
1 ,
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which yields U−m−2ǫ2 = Um,u−n2−2ǫ22 = u
n2
2 ,u
2m
1 = 1, equivalently
m = 0, U2ǫ2 = u2n2+2ǫ22 = 1. (2.9)
Since UuiU
−1 = U2u−1i , we have
un22 u
n1
1 = v = UvU
−1 = un2−ǫ22 (U
2u−12 )
ǫ2un1−ǫ11 (U
2u−1i )
ǫ1 = U2ǫ2+2ǫ1(−1)
ǫ2
un2−2ǫ2+4ǫ1ǫ22 u
n1−2ǫ1
1 ,
equivalently
ǫ1 = ǫ2 = 0, i.e. n1 ≡ n2 ≡ 0 (mod 2). (2.10)
Then u2vu
−1
2 = u
n2
2 u
−n1
1 , i.e.
u2n11 = 1. (2.11)
Then by (2.9), (2.10) and (2.11), v = 1. In the case GN (N ≥ 2), (2.9), (2.10) and (2.11) again
hold for an element v ∈ Cent(GN ), i.e. v = u
n2
2 u
n1
1 with ni ≡ 0 (mod 2) and u
2ni
i = 1 for i = 1, 2.
Hence follows the relation (2.15). ✷
For an element v ∈ G, the conjugation of v on G will be denoted by
Cv : G −→ G g 7→ vgv−1, (2.12)
which preserves the normal subgroup G1 in (2.4), and induces the identity of the quotient group
G. Furthermore, GN in (2.5) is preserved by Cv, which induces the conjugation of v ∈ GN on GN :
Cv : GN −→ GN g 7→ vgv
−1. (2.13)
By Lemma 2.1, G can regarded as a subgroup of the automorphism group Aut(G) of G by the
conjugation (2.12):
C : G →֒ Aut(G), v 7→ Cv, (2.14)
and (2.13) defines an embedding of GN/Cent(GN ) in Aut(GN ):
Cent(GN ) →֒ GN
C
→ Aut(GN ). (2.15)
Using (2.2), one finds the relations (U−1u−31 U)u2 = u
−3
2 u
3
1 and u1 = u2U
−2(u1u
−1
2 ). By which,
the following correspondences of generators give rise to two automorphisms of G:
S : G −→ G, (u1,u2,U) 7→ (u2,U
−2u31,U) = (u2,U
−1u1U,U),
(⇔ S−1 : (u1,u2,U) 7→ (U
2u−12 ,u1,U)) = (Uu2U
−1,u1,U));
T : G −→ G, (u1,u2,U) 7→ (U
2u−12 u1,u2,U) = (u1u
−1
2 ,u2,U),
(⇔ T−1 : (u1,u2,U) 7→ (U
2u−32 u1,u2,U) = (u1u2,u2,U))
(2.16)
which satisfy the relations:
S2 = (ST)3 = CU−1 , T
4 = Cu2
2
. (2.17)
The first equality in (2.17) is equivalent to STS−1 = (TST)−1, which implies
S2TS−2 = (ST−1S−1)T−1S−1 = T, i.e. S2T = TS2.
6
Indeed by S2 = CU−1 , S
2T = TS2 ( or T−1S2T = S2) is equivalent to CT−1(U−1) = CU−1 (or
T(U) = U). Since the automorphisms in (2.16) preserve G1,GN in (2.4) and (2.5) by
S : (u21,u
2
2,U) 7→ (u
2
2,u
2
1,U),
T : (u21,u
2
2,U) 7→ (U
2u−22 u
−2
1 ,u
2
2,U),
(2.18)
S,T induce the automorphisms of G and GN :
S,T : G −→ G, S(u1,u2) = (u2,u1), T(u1,u2) = (u1u2,u2);
S,T : GN −→ GN , S(u1, u2, U) = (u2, U
−1u1U,U), T(u1, u2, U) = (u1u
−1
2 , u2, U).
(2.19)
The automorphisms in (2.16), (2.19) then generate the automorphism subgroups of G, GN , denoted
respectively by
〈S,T〉 ⊆ Aut(G), 〈S,T〉 ⊆ Aut(GN ), 〈S,T〉 ⊆ Aut(G), (N ≥ 2),
compatible with the projections of G to GN ,G in (2.5), (2.6) respectively:
〈S,T〉 −→ 〈S,T〉 −→ 〈S,T〉 (2.20)
With the identification G = Z2 in (2.4), one finds 〈S,T〉 = SL2(Z2):
S (= S) =
(
0 1
1 0
)
, T (= T ) =
(
1 0
1 1
)
∈ SL2(Z2). (2.21)
Proposition 2.1 The correspondence of 〈S,T〉 to 〈S,T〉 induces the canonical isomorphisms:
〈S,T〉/(〈S,T〉 ∩ C(G)) ≃ 〈S,T〉/(〈S,T〉 ∩C(GN )) ≃ PSL2(Z4) (2.22)
with (S˜, T˜)↔ (S˜, T˜)↔ (S,T∗) satisfying the relations:
S˜2 = (S˜T˜)3 = T˜4 = 1, (2.23)
where S,T∗ are the standard generators of PSL2(Z4):
S =
(
0 −1
1 0
)
, T∗ =
(
1 0
−1 1
)
. (2.24)
Proof. Note that uiUu
−1
i = U
−1u2i 6= U and uiujUu
−1
j u
−1
i = Uu
2
2u
2
1 6= U, in G (or GN by
N ≥ 2). Since both S,T fix the element U, 〈S,T〉 ∩ C(G) ⊆ C(G1) where G1 is the abelian
subgroup in (2.4). Indeed, by (2.16), (2.17) and (S−1TS)4 = Cu2
1
, one finds
C(G) ∩ 〈S,T〉 = 〈〈S2, (ST)3,T4〉〉N = 〈S
2,T4, (S−1TS)4〉 = C(G1) ✁〈S,T〉;
C(GN ) ∩ 〈S,T〉 = 〈〈S
2, (ST)3,T4〉〉N = 〈S
2,T4, (S−1TS)4〉 = C(GN,1) ✁〈S,T〉
(2.25)
where 〈〈∗ · · · ∗〉〉N is the normal subgroup defined in (1.7). Hence the relation (2.23) holds. By
a well-known characterization of PSL2(Z4), 〈S˜, T˜〉 is a quotient group of PSL2(Z4) by assigning
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S,T∗ in PSL2(Z4) to S˜, T˜ respectively. Together with the induced homomorphisms of quotient
groups in (2.20), we obtain the following group epimorphisms of quotient groups:
PSL2(Z4) −→ 〈S˜, T˜〉 −→ 〈S˜, T˜〉 −→ 〈S,T〉 = SL2(Z2).
Since the kernel of the homomorphism from PSL2(Z4) to SL2(Z2) is equal to 〈(T
∗2,ST∗2S−14 〉(≃
Z22), which contains no proper non-trivial normal subgroup of PSL2(Z4), the projection from
PSL2(Z4) to 〈S˜, T˜〉 must have the trivial kernel by T˜
2 6= 1, then follow the isomorphisms in (2.22).
✷
Remark. The PSL2(Z4)-structure of 〈S˜, T˜〉 in (2.22) for N = 2 can be explicitly derived by the
group structure of G2, where the conditions, (2.1) and (2.7), for the G2-generators u1, u2, U are
equivalent to
u41 = u
4
2 = U
2 = 1, u1u2 = u2u1, UuiU
−1 = u−1i (i = 1, 2). (2.26)
Hence 〈u1, u2〉 is a normal abelian subgroup of G2. By (2.19) and (2.26), both 〈S,T〉 and C(G1) fix
U , and leave 〈u1, u2〉(≃ Z
2
4) invariant, with the generators represented by the following elements in
SL2(Z4):
(S,T, CU , Cu2
1
, Cu2
2
)↔ (S,T∗,−id., id., id.).
By (2.17), 〈S,T〉 ∩ C(G1) is generated by the −id. in SL2(Z4), hence 〈S˜, T˜〉 ≃ PSL2(Z4) in (2.22).
✷
Consider the semi-product of G and 〈S,T〉, G ∗ 〈S,T〉, with the group-multiplication
(v ∗M) · (v′ ∗M′) := vM(v′) ∗MM′ for M,M′ ∈ 〈S,T〉, v,v′ ∈ G,
and define
Definition: The universal CP modular group
G˜ :=
(
G ∗ 〈S,T〉
)
/〈〈U ∗ S2,U ∗ (ST)3,u−22 ∗T
4〉〉N. (2.27)
✷
Lemma 2.2 The normal subgroup in (2.27) is isomorphic to G1 in (2.4) by:
〈〈U ∗ S2,U ∗ (ST)3,u−22 ∗T
4〉〉N = {u−1 ∗ Cu ∈ G ∗ 〈S,T〉| u ∈ G1}. (2.28)
Proof. In G ∗ 〈S,T〉, one finds
(u−1 ∗ Cu) ∗ (u
′−1 ∗ Cu′) = (uu
′)−1 ∗ Cuu′ ,
v ∗ (u−1 ∗ Cu) ∗ v
−1 = u−1 ∗ Cu, M ∗ (u
−1 ∗ Cu) ∗M
−1 =M(u)−1 ∗ CM(u),
for u, u′ ∈ G1, v ∈ G,M ∈ 〈S,T〉. Hence the right hand side of (2.28) is an abelian normal subgroup
of G ∗ 〈S,T〉. Then (2.28) follows from the following equalities:
U ∗ S2 = U ∗ (ST)3 = U ∗ CU−1 , u
−2
2 ∗T
4 = u−22 ∗ Cu2 , u
−2
1 ∗ (S
−1TS)4 = u−21 ∗ Cu1 .
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✷By (2.25), (2.28), with the identification of G and the inner automorphism group of G via the
conjugation (2.14), G˜ in (2.27) can be regarded as an automorphism group of G:
G˜ ≃ 〈C(G),S,T〉 ⊂ Aut(G). (2.29)
By Lemma 2.1 and (2.28), G and 〈S,T〉 are embedded as subgroups of G˜. For convenience, we
shall write the class of v ∈ G again by v, and the class of 1 ∗ S, 1 ∗ T or 1 ∗M ∈ 〈S,T〉 in G˜ by
S, T or M respectively. Note that MvM−1 = M(v) in G˜, so M is identified with CM := C˜M |G,
the restriction of C˜M on G, where C˜g := the g-conjugation of G˜ for g ∈ G˜. By (2.22), (2.28) and
(2.29), one obtains
G✁ G˜ = G〈S, T 〉, S2 = (ST )3 = U−1, T 4 = u22; G˜/G ≃ PSL2(Z4);
G ∩ 〈S, T 〉 = G1 = 〈〈S
2, (ST )3, T 4〉〉N = 〈S
2, T 4, (S−1TS)4〉 ✁〈S, T 〉.
(2.30)
Indeed, G˜ is defined the first three properties in (2.30) as follows:
Proposition 2.2 G˜ is charactered as the group generated by G and S, T satisfying the relations:
SvS−1 = S(v), TvT−1 = T(v), S2 = (ST )3 = U−1, T 4 = u22, (2.31)
where v ∈ G, and S,T are defined in (2.16).
Proof. Let 〈G, S, T 〉 be the group generated by G and S, T defined by the relation (2.31). Then
there is a group epimorphism, ℘ : 〈G, S, T 〉 −→ G˜ which is the identity on the normal subgroup
G. By the characterization of PSL2(Z4), ℘ induces an isomorphism between 〈G, S, T 〉/G and G˜/G,
hence Ker(℘) ⊂ G ⊂ 〈G, S, T 〉. Then ℘ defines the isomorphism between 〈G, S, T 〉 and G˜. ✷
By (2.18), the abelian normal subgroups G1,GN of G in (2.4) (2.5) are also normal in G˜.
Definition: For N ≥ 2, the modular (N -state) CP group is the quotient group of G˜ by GN :
GN ✁ G˜ −→ G˜N := G˜/GN = 〈GN , S, T 〉, (2.32)
where S(= SN ), T (= TN ) are the class of the G˜-elements S, T in G˜N . ✷
By (2.6), (2.30) and Proposition 2.2, we obtain the following results:
Proposition 2.3 (i) G˜N is charactered as the group generated by GN and S, T satisfying the
relations:
SvS−1 = S(v), T vT−1 = T(v), S2 = (ST )3 = U−1, T 4 = u22, (2.33)
where v ∈ GN , and S,T are defined in (2.19).
(ii) GN and GN,1(= G1/GN ) are normal subgroups of G˜N with the following relations:
GN ✁ G˜N = GN 〈S, T 〉 −→ G˜N/GN ≃ PSL2(Z4), |G˜N | = 96N3;
GN ∩ 〈S, T 〉 = GN,1 = 〈〈S
2, (ST )3, T 4〉〉N = 〈S
2, T 4, (S−1TS)4〉 ✁〈S, T 〉.
(2.34)
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✷For an element V ∈ G˜N , we denote the V-conjugation of G˜N by C˜V, and its restriction on GN by
CV := C˜V|GN : GN −→ GN , g 7→ VgV
−1.
which is the same as Cv in (2.13) for v ∈ GN . The first two relations in (2.33) mean
CS = S, CT = T, (2.35)
by which, M ∈ 〈S, T 〉 ⊂ G˜N corresponds to M ∈ 〈S,T〉 with the relation CM = M. By (2.22), the
conjugation morphism
C : G˜N −→ C(GN )〈S,T〉 ⊂ Aut(GN ), V 7→ CV, (2.36)
gives rise to the isomorphism
G˜N/GN ≃ 〈S,T〉/(〈S,T〉 ∩ C(GN )) ≃ PSL2(Z4). (2.37)
Since Cent(PSL2(Z4)) = 1, the kernel of C in (2.36) is contained in GN , and by (2.15),
1 = Cent(G˜N ) ⊂ Ker(C) = Cent(GN ). (2.38)
Indeed for evenN , by (2.18) S(uN1 , u
N
2 ) = (u
N
2 , u
N
1 ) and T(u
N
1 , u
N
2 ) = (u
N
1 u
N
2 , u
N
2 ), hence Cent(G˜N ) =
{v ∈ Cent(GN )|SvS
−1 = T vT−1 = v} = 1. Note that by composing with the morphism in (2.20),
the projection in (2.37) gives rise to the isomorphism
G˜N/〈GN , T
2, ST−2S−1〉
∼
−→ SL2(Z2), (v, S, T ) 7→ (1, S, T ), (2.39)
where v ∈ GN and S, T are defined in (2.21).
2.2 CP group and Z2 ×DN
The spectral parameter of τ (2)-model in CPM lies in a hyperelliptic curves with (Z2 × DN )-
symmetry, where DN is the dihedral group. In this subsection, we study the (Z2×DN )-structures
reduced from the CP group GN from the group-theory point of view, and examine their relationship
under the action of G˜N . First, we consider the subgroup of G1 in (2.4), which is normal in the
universal CP group G˜:
G′1 = 〈V0,V1,V2〉 (≃ Z
3)✁ G˜, G′1 ⊂ G1,
V0 := U
2u−22 u
−2
1 , V1 := u
2
1, V2 := u
2
2,
(2.40)
where the G˜-conjugation on the generators of G′1 is given by CU|G′1
= id, and
Cu1 ,Cu2 : (V0,V1,V2) 7→ (V
−1
0 ,V1,V
−1
2 ), (V
−1
0 ,V
−1
1 ,V2);
S,T : (V0,V1,V2) 7→ (V0,V2,V1), (V1,V0,V2).
(2.41)
For N ≥ 2, the image of G′1 in GN under the projection in (2.32) will be denoted by
G′N,1 = 〈V0,V1,V2〉 ✁G˜N , G
′
N,1 ⊂ GN,1, V0 := U
2u−22 u
−2
1 , V1 := u
2
1, V2 := u
2
2, (2.42)
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Lemma 2.3 The quotient group G˜N/G
′
N,1 is given by
G˜N/G
′
N,1 =
{
G˜/G′1 ≃ Z
2
2 ∗ SL2(Z4), N : even,
G˜/G1 ≃ Z
2
2 ∗ PSL2(Z4), N : odd.
(2.43)
Proof. When N is even, GN of G in (2.5) is a subgroup of G
′
1, hence G˜N/G
′
N,1 = G˜/G
′
1. By (2.17)
and Proposition 2.3 (i) , G˜/G′1 is the group generated by [u1], [u2], [S], [T ] with the relations
[u21] = [u
2
2] = id, [u1u2] = [u2u1],
[S(u1,u2)S
−1] = [(u2,u1)], [T (u1,u2)T
−1] = [(u1u2,u2)]
(2.44)
[S4] = [T 4] = id and [S2] = [ST ]3, which characterize the semi-product group Z22 ∗ SL2(Z4).
For odd N , GN is not contained in G
′
1. Indeed in this case, GN and G
′
1 generate the subgroup
G1 in (2.4), hence G˜N/G
′
N,1 = G˜/G1, which is isomorphic to Z
2
2 ∗ PSL2(Z4) with the generators
[u1], [u2], [S], [T ], satisfying the relation (2.44) and [S
2] = [ST ]3 = [T 4] = id. ✷
We now describe another expression for the universal CP group G. Consider the following
subgroups of G:
H := 〈V0,V1〉, Hl := 〈V0,V2〉, Hr := 〈V1,V2〉. (2.45)
By (2.41), the above groups are normal in G, interchanged under 〈S,T〉. First, we give another
characterization of G through the abelian normal subgroup H in (2.45).
Lemma 2.4 The universal CP group G is characterized as the group with generators V0,V1,U
and i, j satisfying the relations:
V0V1 = V1V0, CU(Vk) = Vk, Cj(Vk) = V
−1
k Ci(Vk) = V
(−1)k
k , (k = 0, 1),
j2 = i2 = 1, Uj = V0V1jU, Ui = V0iU
−1, ji = V1ij,
(2.46)
where V0,V1 and i, j are related to the generators U,u1,u2 of G by the relations
V0 = U
2u−22 u
−2
1 , V1 = u
2
1, j = Uu
−1
2 , i = Uu
−1
2 u1, ⇐⇒ u1 = ji, u2 = jU. (2.47)
Proof. With the expression of Vk, i, j in terms of U,u1,u2 in (2.47), (2.1) and (2.2) yield the
relation (2.46). Conversely, if V0,V1 and U, i, j satisfy the relation (2.46), using the expression of
u1,u2 in terms of U, i, j, one finds all relations in (2.1) are valid. Then the last two relations in
(2.46) yield all relations in (2.47). ✷
By Lemma 2.4, G = 〈U, j, i〉, by which one obtains the relation between G and universal dihedral
group D:
H (= 〈V0,V1〉 ≃ Z
2)✁ G −→ G/H = Z2 ×D (= 〈Υ〉 × 〈Θ, I〉),
Υ2 = I2 = 1, ΥΘ = ΘΥ, ΥI = IΥ, ΘI = IΘ−1
(2.48)
where Θ,Υ, I are the classes of U, j, i in G/〈V0,V1〉 respectively.
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By modular the subgroup GN of G in (2.5), we obtain three normal subgroups of the CP group
GN from (2.45), with the sets of generators:
H◦ = {V0,V1} ⊂ H = 〈V0,V1〉, H
◦
l = {V0,V2} ⊂ Hl = 〈V0,V2〉,
H◦r = {V1,V2} ⊂ Hr = 〈V1,V2〉.
(2.49)
Then Lemma 2.4 and the relation (2.47) yield the following results:
Proposition 2.4 (i) The CP group GN is characterized as the group with generators V0,V1, U
and i, j satisfying the relations:
V0V1 = V1V0, CU (Vk) = Vk, Cj(Vk) = V
−1
k Ci(Vk) = V
(−1)k
k , (k = 0, 1),
j2 = i2 = 1, U j = V0V1jU, U i = V0iU
−1, ji = V1ij, V
N
0 = V
N
1 = U
N = 1,
(2.50)
where V0,V1, U and i, j are related to U, u1, u2 in (2.5) by
V0 = U
2u−22 u
−2
1 , V1 = u
2
1, j = Uu
−1
2 , i = Uu
−1
2 u1, ⇐⇒ u1 = ji, u2 = jU. (2.51)
(ii) GN is related to Z2 ×DN by
H (= 〈V0,V1〉 ≃ Z
2
N )✁ GN −→ GN/H = Z2 ×DN (= 〈σ〉 × 〈θ, ι〉),
σ2 = ι2 = θN = 1, σθ = θσ, σι = ισ, θι = ιθ−1,
(2.52)
where θ, σ, ι are the classes of U, j, i in GN/〈V0,V1〉 respectively.
✷
Since GN is a normal subgroup of G˜N , the conjugation of an element V ∈ G˜N on (2.51) produces
a representation of (2.50). In particular, by using (2.1) and (2.41), the conjugation Cv for v ∈ GN
gives rise to the following representations of (2.50):
v ∈ GN : Cv(V0,V1), Cv(U), Cv(j), Cv(i),
u1 : (V
−1
0 ,V1), U
−1u21(= V1U
−1), Uu−12 u
−2
1 (= V1 j), Uu
−1
2 u
−1
1 = (V1 i);
u21 : (V0,V1), U, Uu
−1
2 u
−4
1 (= V
2
1 j), Uu
−1
2 u
−5
1 (= V
2
1 i);
u2 : (V
−1
0 ,V
−1
1 ), U
−1u22(= V2U
−1), U−1u2(= V2U
−2j), Uu2u1(= V2i);
u22 : (V0,V1), U, Uu
−1
2 (= j), Uu
3
2u1(= V
2
2i);
U : (V0,V1), U, U
3u−32 (= V0V1j), Uu2u
−1
1 (= V1V2i).
(2.53)
where V0,V1, j, i are in (2.51), and V2 = u
2
2(= U
2V−10 V
−1
1 ) in (2.40). Similarly, by using (2.16),
(2.33) and (2.41), there are two other representations of (2.50):
V : CV(V0,V1), CV(U), CV(j), CV(i),
S−1 : (V0,V2), U, Uu
−1
1 , Uu
−1
2 u
−1
1 ;
ST−1S−1 : (V2,V1), U, Uu
−1
2 u1, Uu
−1
2 u
2
1,
(2.54)
by which one finds two (Z2 ×DN )-structures related to GN :
Hl ✁GN −→ GN/Hl = Z2 ×DN (= 〈σl〉 × 〈θl, ιl〉), (U,Uu
−1
1 , Uu
−1
2 u
−1
1 ) 7→ (θl, σl, ιl);
Hr ✁GN −→ GN/Hr = Z2 ×DN (= 〈σr〉 × 〈θr, ιr〉), (U,Uu
−1
2 u1, Uu
−1
2 u
2
1) 7→ (θr, σr, ιr).
(2.55)
We now study the change of structures in (2.52) under the conjugation action of 〈S, T 〉(⊆ G˜N )
in (2.36).
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Lemma 2.5 (i) For N = 2, the subgroups in (2.49) are equal: H = Hl = Hr, which is equal to
the normal subgroup G′2,1 of G˜2 in (2.42).
(ii) For N ≥ 3, the subgroups in (2.49) are all distinct. Furthermore, CV(H) = Hl (or Hr) if
and only if CV(H
◦) = H◦l (or H
◦
r respectively), where V is an element in G˜N .
Proof. Note that the equality of a pair subgroups in (2.49) is equivalent to H = Hl = Hr = G
′
N,1.
When N = 2, U2 = 1, hence follows (i). When N ≥ 3, the order of G′N,1 > N
2, by which the three
subgroups in (2.49) are distinct. If CM (H) = Hl and CM (H
◦) 6= H◦l for some M ∈ 〈S, T 〉, using
(2.41), one finds CM (H) = G
′
N,1, which contradicts N ≥ 3. Hence follows (ii). ✷
Using Lemma 2.5, we can determine the normalizer of H,Hl,Hr in G˜N for N ≥ 3.
Proposition 2.5 For V ∈ G˜N , let V be the element in SL2(Z2) corresponding to the class of V in
(2.39). Then
CV(H
◦) = H◦ ↔ V = 1, T ,
CV(H
◦) = H◦l ↔ V = S, ST ,
CV(H
◦) = H◦r ↔ V = STS
−1, STS−1T ,
(2.56)
where S, T are the generators of SL2(Z2) in (2.21) with S
2
= T
2
= 1. As a consequence, for
N ≥ 3, the equivalent relations (2.56) are still valid when replacing H◦,H◦l ,H
◦
r to H,Hl,Hr.
Proof. By (2.41), H◦,H◦l ,H
◦
r are invariant under the conjugation of an element in 〈GN , T
2, ST−2S−1〉.
Hence the transformation relations on the left hand side of (2.56) depend only on the quotient
group G˜N/〈GN , T
2, ST−2S−1〉, which is isomorphic to SL2(Z2) by (2.39). The relation (2.41)
yields CT (H
◦) = H◦, CS(H
◦) = H◦l , CSTS−1(H
◦), hence follows the conclusion. ✷
Corollary 2.1 For N ≥ 3, the normalizer of H in G˜N , and N(H;Hl), N(H;Hl) in (1.7), are
given by
N(H) = 〈GN , T−1, ST 2S−1〉, N(H;Hl) = S
−1N(H), N(H;Hr) = ST
−1S−1N(H). (2.57)
By conjugation of S−1, ST−1S−1 on N(H), one obtains the normalizers of Hl,Hr:
N(Hl) = 〈GN , ST
−1S−1, T 2〉, N(H) = 〈GN , T
2S, ST 2S−1〉.
✷
We now examine the relationship of (Z2×DN )-structure for GN/H in (2.52) under the conjugation
of N(H) in (2.57). The change of θ, σ, ι in (2.52) depends on the representation of (2.50) and (2.51)
under N(H)-conjugation, in which the GN -conjugation are determined by the representations in
(2.53). By (2.57), it remains to examine the change of (2.51) under 〈T−1, ST 2S−1〉-conjugation.
Lemma 2.6 (i) Let M be an element in 〈T−1, ST 2S−1〉. The change of (2.51) under the conju-
gation CM of M is given by
CM (V0,V1) =
{
(V0,V1) if M ∈ 〈T
−2, ST 2S−1〉,
(V1,V0) if M = T
2n+1,
13
and
M : CM (U), CM (j), CM (i),
T−k : U, j, u−k2 i ;
ST 2kS−1 : U, u2k1 j, u
2k
1 i.
(2.58)
where V0,V1, j, i are defined in (2.51).
(ii) The following equalities hold for elements in 〈T−1, ST 2S−1〉 and GN :
T−4 = u−22 , ST
4S−1 = u21, (ST
2S−1)T−1 = T−3(ST 2S−1)Uu−21 ,
(ST 2S−1)T−2 = T−2(ST 2S−1), (ST 2S−1)T−3 = T−1(ST 2S−1)Uu−21 u
−2
2
(2.59)
by which GN ∩ 〈T
−1, ST 2S−1〉 = GN,1, and the quotient group GN 〈T
−1, ST 2S−1〉/GN consists of
8 elements represented by T−k, ST 2S−1T−k.
Proof. It is easy to see that (i) follows from (2.16), (2.33) and (2.41). By (2.37) and the first relation
in (2.56), |GN 〈T
−1, ST 2S−1〉/GN | = 8. On the other hand, by (2.29), (2.31), the computation via
formulas in (2.16) implies equalities in (2.59) true for the universal CP group G˜, hence also valid
for G˜N . Then follows (ii). ✷
Remark. Note that representations ofGN in (2.54) yield the (Z2×DN )-structures ofGN/Hl, GN/Hr,
hence a similar relation of (Z2 × DN )-structure change under N(Hl), N(Hr)-conjugation can be
obtained from Lemma 2.6 by applying the conjugation of S−1, ST−1S−1. ✷
3 Fermat Surface and the Family of Rapidity Curves in Chiral
Potts Model
In this section, we make a thorough investigation about the algebraic geometry structure of the
rapidity family (1.6) and its related family of hyperelliptic curves in τ (2)-model. The symmetry of
these fibrations is studied through the geometrical representation of the structure group introduced
in Section 2.
3.1 Fermat surface and symmetry group of the rapidity family in Chiral Potts
Model
The family in W in (1.6) is a subvariety in Λ×P3 with a projection to P3,
W ⊂ Λ×P3 −→ P3.
Indeed, the above projection induces an isomorphism between W and a Fermat hypersurface of P3:
Proposition 3.1 The complete family (1.6) of CP rapidity curves is isomorphic to the following
Fermat surface in P3:
W (= W(N)) ≃ {[a, b, c, d] ∈ P3|a2N + c2N = b2N + d2N}
↓ π ↓
Λ = Λ.
(3.1)
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Proof. For convenience, in this proof, we denote he Fermat surface on the right of (3.1) by F. It is
obvious that Wk′,k ⊂ F for all (k
′, k) ∈ Λ. Indeed, when k 6= 0, Wk′,k in (1.1) or (1.5) is defined by
the right two equations of (1.1) in the form:
aN = −k
′
k c
N + 1kd
N , bN = 1k c
N − k
′
k d
N , (3.2)
by which a2N − b2N = 1−k
′2
k2 (−c
2N + d2N ). The constraint of (k′, k) for Λ in (1.4) is equivalent
to the Fermat relation of F. When k = 0, W±1,0 in (1.5) consists of rational curves in F defined
by (aN , cN ) = ±(−bN , dN ) respectively. In order to show the one-to-one correspondence in (3.1),
it suffices to construct the projection π from F to Λ in (1.4). For an element p = [a, b, c, d] ∈ F,
one can find k′, k ∈ P1 satisfying the relation (3.2) when c2N − d2N 6= 0, equivalently, (−k
′
k ,
1
k ) =
1
c2N−d2N
(cNaN − dNbN ,−dNaN , cN bN ), hence π(p) := (k′, k) ∈ Λ. When c2N − d2N = 0, then
a2N − b2N = 0, equivalent to (aN , cN ) = ±(−bN , dN ) or ±(bN , dN ), where in the formal case, we
define π(p) := (±1, 0). When (aN , cN ) = ±(bN , dN ) but 6= ±(−bN , dN ), then aN 6= 0, dN 6= 0,
where π(p) = (k′, k) ∈ Λ is defined by the relation (1∓k
′
1±k′ ,
1∓k′
k ) = (
a2N
d2N
, a
N
dN
). Furthermore, by the
construction of π, we find the fiber π−1(k′, k) in F is equal to Wk′,k. ✷
Remark. In the proof of the above Proposition 3.1, we find that (aN , cN ) = ±(bN , dN ) define the
2N2 ”horizontal” lines of the fibration (3.1), whose intersection with Wk,k in (1.1) are the vertical
rapidity in superintegrable CPM [1, 3, 13, 23]. ✷
From now on, we shall identify the family of CP rapidity curves, W in (1.6), with the Fermat
hypersurface in (3.1). We now identify the modular (N -state) CP group GN in (2.32) with the
automorphism group of the fibration W over Λ in (3.1). Represent the generators of G˜N in (2.32)
by the following automorphisms of W:
u1 : [a, b, c, d] 7→ [ω
1
2d, c, b, ω
1
2 a], u2 : [a, b, c, d] 7→ [b, ωa, d, c],
U : [a, b, c, d] 7→ [ωa, b, c, d],
S : [a, b, c, d] 7→ [ω
−1
2 a, d, c, b], T : [a, b, c, d] 7→ [ω
1
4a, ω
1
4 b, d, c],
(3.3)
where ω
1
2 = e
πi
N , ω
1
4 = e
πi
2N . One finds that the relations (2.1) (2.7) and (2.33) hold. Hence we
obtain a representation of the modular (N -state) CP group G˜N as an automorphism group of W .
The generators of the subgroups GN in (2.5) or G
′
N,1 in (2.42) of GN are related to automorphisms
in (1.2) of a CP rapidity curve Wk′,k in (1.1) or (1.5):
M (1) = u21, M
(2) = u22, M
(3) = Uu2u1, M
(4) = U−1u22u
2
1, M
(5) = U−1u22u1;
u1 =M
(5)−1M (4), u2 =M
(3)M (5), U =M (1)M (2)M (4)
−1
;
V0 =M
(0), V1 =M
(1), V2 =M
(2).
(3.4)
Hence by (1.3), GN can be identified with the automorphism group of Wk′,k in (1.1) when N ≥ 3:
GN = 〈u1, u2, U〉 = Aut(Wk′,k), k
′ 6= 0,±1,±∞, (N ≥ 3). (3.5)
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By (2.6), Aut(Wk′,k) is a solvable group
1 of order 4N3. For N ≥ 2, the transformations S, T in
(3.3) are automorphisms of the fibration W over Λ in (3.1) with the properties
S : Wk′,k ≃Wk,k′, T : Wk′,k ≃W 1
k′
, ik
k′
. (3.6)
Indeed, the quotient group in (2.37)
G˜N/GN = 〈S, T 〉 = PSL2(Z4)
acts on the parameter space Λ, where S, T are the classes of S, T in G˜N/GN , identified with the
generators of PSL2(Z4) in (2.24). With the identification of (k
′, k) ∈ Λ and κ′ ∈ P1 in (1.4), the
action of G˜N/GN on Λ are generated by
S : (k′, k) 7→ (k, k′) (⇔ κ′ 7→ iκ′−1), T : (k′, k) 7→ ( 1k′ ,
ik
k′ ) (⇔ κ
′ 7→ 1+iκ
′
κ′+i ). (3.7)
Lemma 3.1 The transformations in (3.7) give rise to the identification of G˜N/GN with the auto-
morphism group of Λ (≃ P1) in (1.4) preserving the degenerated-parameter set Λdeg in (1.5):
G˜N/GN = PSL2(Z4) = Aut(Λ,Λdeg)(:= {φ ∈ Aut(Λ)|φ(Λdeg) = Λdeg}), (3.8)
where Λdeg := {(k
′, k) ∈ Λ|k′ =∞, 0,±1} (≃ {κ′ = 0,∞,±1,±i ∈ P1}).
Proof. With the identification in (1.4): Λ = P1, Aut(Λ,Λdeg) ⊂ Aut(P
1). Note that there are
three types of degenerated parameters:
Λdeg = ⊔k=∞,±1Λdeg,k = Λdeg,∞ ⊔ Λdeg,1 ⊔ Λdeg,−1,
Λdeg,∞ := {κ
′ = 0±1}, Λdeg,1 := {κ
′ = ±1}, Λdeg,−1 := {κ
′ = ±i}.
Consider the following subgroup of Aut(Λ,Λdeg):
Aut(Λ,⊔kΛdeg,k) := {φ ∈ Aut(Λ)|φ(Λdeg,k) = Λdeg,σ(k), σ : a permutation of k
′(=∞,±1)}.
By (3.8), one finds S, T ∈ Aut(Λ,⊔kΛdeg,k):
S(0±1,±1,±i) = (0∓1,±i,±1), T (0±1,±1,±i) = (∓i,±1, 0±1); S
2
= T
4
= 1; (3.9)
and the normal subgroup 〈T
2
, ST
2
S〉(≃ Z22) of PSL2(Z4) is expressed by
T
2
: κ′ 7→ κ′−1; ST
2
S : κ′ 7→ −κ′−1; (ST
2
)2 : κ′ 7→ −κ′
in Aut(Λ,⊔kΛdeg,k). Indeed, one finds
〈T
2
, ST
2
S〉 = {φ ∈ Aut(Λ,⊔kΛdeg,k)|φ(Λdeg,k) = Λdeg,k}✁Aut(Λ,⊔kΛdeg,k)
by which through the morphism P1 −→ P1, κ′ 7→ κ
′2+κ′−2
2 , the quotient group can be embedded
into the automorphism group of P1 permuting three elements ∞,±1:
Aut(Λ,⊔kΛdeg,k)/〈T
2
, ST
2
S〉 →֒ Aut(P1, {∞,±1}).
1The solvable group structure of Aut(Wk′,k) in (2.6) here is different from that in [21] Proposition 1.
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The relation (3.9) implies that S, T induce the automorphism [S], [T ] in Aut(P1, {∞,±1}) with
[S](∞,±1) = (∞,∓1) and [T ](∞, 1,−1) = (−1, 1,∞). Since Aut(P1, {∞,±1}) is isomorphic to
the permutation group of {∞,±1}, we obtain
SL2(Z2) ≃ PSL2(Z4)/〈T
2
, ST
2
S〉 ≃ Aut(Λ,⊔kΛdeg,k)/〈T
2
, ST
2
S〉 ≃ Aut(P1, {∞,±1}),
hence PSL2(Z4) = Aut(Λ,⊔kΛdeg,k). It remains to show
Aut(Λ,⊔kΛdeg,k) = Aut(Λ,Λdeg).
Otherwise, there is an element φ ∈ Aut(Λ,Λdeg) \ Aut(Λ,⊔kΛdeg,k). By composing with some
elements in Aut(Λ,⊔kΛdeg,k), we may assume φ(∞) =∞, φ(0) = 1. Then φ(κ
′) = ακ′+1 for some
α ∈ C with {±α+ 1,±iα + 1} = {0,−1,±i}, which leads to a contradiction. ✷
Remark. There are 24 elements φ ∈ Aut(Λ,Λdeg) with φ(k
′, k) of (k′, k) ∈ Λ given by
(k′,±k), ( 1k′ ,±
ik
k′ ), (−k
′,±k), (−1k′ ,±
ik
k′ ), (⇐⇒ κ
′±1, (1+iκ
′
κ′+i )
±1,−κ′∓1, ( κ
′−i
iκ′−1)
∓1)
(k,±k′), ( 1k ,±
ik′
k ), (−k,±k
′), (−1k ,±
ik′
k ), (⇐⇒ ± iκ
′∓1,±i(1−κ
′
1+κ′ )
±1,±iκ′±1,±i(1+κ
′
1−κ′ )
±1)
( ikk′ ,±
1
k′ ), (
−ik
k′ ,±
1
k′ ), (
ik′
k ,±
1
k ), (
−ik′
k ,±
1
k ), (⇐⇒ (
iκ′−1
iκ′+1)
±1, (1−iκ
′
1+iκ′ )
∓1, (1+κ
′
1−κ′ )
±1, (κ
′+1
κ′−1)
∓1).
(3.10)
Write φ = M for some M ∈ 〈S, T 〉 in (3.8), then M gives rise to an isomorphism of the fibration
W over Λ with M : Wk′,k ≃WM(k,k′) as those in (3.6). ✷
Using Lemma 3.1, we now show
Theorem 3.1 For N ≥ 2, the modular CP group G˜N in the representation (3.3) is identified with
the automorphism group of the fibration W(N) over Λ in (3.1) with the order 96N3.
Proof. It is obvious that the representation (3.3) embeds G˜N into the automorphism subgroup of
the fibration W(N) over Λ. Suppose Φ is an automorphism of W(N) over Λ. We are going to show
Φ ∈ G˜N . Since Φ induces an automorphism of Λ preserving the degenerated-parameter set Λdeg,
by (3.8) and composing with some automorphism in G˜N , we may assume Φ induces the identity
on the base Λ. Hence Φ preserves each fiber Wk′,k of W. When N ≥ 3, the relation (3.5) yields
Φ ∈ GN . It remains the case N = 2, where W
(2) is a K3 surface with an elliptic fibration over Λ.
It is known that line bundles of W(2) are described by cohomology elements in
H1(W(2),O∗) ≃ H2(W(2),Z) = Z20.
The hyperplane section of P3 and a general fiber of the fibration (3.1) give rise to two cohomology
elements of W(2), denoted by [h], [f ] respectively. The rest cohomology (Q-)basis elements are
contributed from the six degenerated fibers, W
(2)
κ′ (κ
′ ∈ Λdeg) in (1.5). Each consists of four lines,
ℓ(±,±), intersecting normally only at ℓ(+,+) · ℓ(+,−) = ℓ(+,+) · ℓ(−,+) = ℓ(−,+) · ℓ(−,−) = ℓ(+,−) ·
ℓ(−,−) = 1, and the four lines ℓ(±,±)’s give rise to four basis elements subject to the cohomologous
equivalent relation:
∑
ℓ(±,±) ∼ [f ]. The morphism of cohomologous group induced by Φ leaves
[f ] invariant, and permutes the four lines in each degenerated fiber, hence leaves [h] invariant. As
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a consequence, the automorphism Φ of W(2) is induced from a projective linear transformation of
P3, which preserves relations in (1.1) and (1.5) for all (k′, k) ∈ Λ. Hence Φ induces a permutation
of (a2, b2, c2, d2) up to some scalars. By composing with an automorphism u2, Uu2u1(= M
(3)) or
U−1u22u1(= M
(5)) in G2, we may assume Φ leaves a
2 invariant, by which one finds all a2, b2, c2, d2
invariant under Φ. Hence Φ ∈ 〈u21, u
2
2, U〉. This shows G˜N is the automorphism group of W
(N) over
Λ for all N , whose order is given by (2.34). ✷
Remark. In the case N = 2, every W
(2)
k′k in (1.1) is an elliptic curve with infinity many sym-
metries. However only 32 symmetries (in G2) are preserved in the elliptic family W
(2), which are
contained in the symmetry group G˜2. In section 3.3, we shall discuss the elliptic K3 surface W
(2)
k′k
via uniformization of elliptic curves. ✷
We now describe all the projective lines of P3 in (3.1).
Proposition 3.2 The projective lines in the Fermat hypersurface (3.1) and degenerated fibers in
(1.5) are related by
a2N − b2N = c2N − d2N = 0, (⊃W±1,0),
a2N − d2N = b2N − c2N = 0 (⊃W0,±1),
a2N + c2N = b2N + d2N = 0 (⊃W∞,∞±),
(3.11)
where the zero-locus of each set of equations consists of 4N2 lines permuted by GN with three GN -
orbits. One-half lines form two GN -orbits as the degenerated fibers in (3.11); the other GN -orbit
consists of the rest 2N2 lines as the horizontal lines of the fibration (1.5), each of which is a N -
fold cover under π over Λ branched (only) at the two degenerated parameters related to the set.
Furthermore, the singular set of the degenerated fibers are given by
Sing(W±1,0) = W±1,0 ∩ {a = b = 0 or c = d = 0};
Sing(W0,±1) = W0,±1 ∩ {a = d = 0 or b = c = 0};
Sing(W∞,∞±) = W∞,∞± ∩ {a = c = 0 or b = d = 0}.
(3.12)
Proof. Note that GN leaves each set of equations in (3.11) invariant, hence permutes the 4N
2 lines
of its zero-locus, which contains two degenerated fibers as two GN -orbits. First, we consider the
first set of equations in (3.11) with the zero-locus
L :=
⋃
i,j∈Z2 Li,j, where Li,j : a
N − (−1)ibN = cN − (−1)jdN = 0, (3.13)
on which GN in (3.5) acts by
u−11 : Li,j −→ Lj−1,i−1, u
−1
2 , U : Li,j −→ Li,j.
Hence there are three GN -orbits in L: L0,1(= W1,0),L1,0(= W−1,0) and L0,0 ∪ L1,1. One finds
Li,j ∩ Li′,j′ 6= ∅ if and only if i ≡ i
′ or j ≡ j′ in Z2, with non-empty intersections at
Li,j ∩ Li,j′ = {a
N − (−1)ibN = c = d = 0}, when j 6≡ j′ (mod 2),
Li,j ∩ Li′,j = {a = b = c
N − (−1)jdN = 0}, when i 6≡ i′ (mod 2),
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the union of which is the singular set of Li,j. Hence follows the singular set of W±1,0 in (3.12).
Indeed, each Li,j consists of N
2 lines,
Li,j =
⋃
m,n∈ZN
L
m,n
i,j , L
m,n
i,j : a− ω
i
2
+mb = c− ω
j
2
+nd = 0, (i, j = 0, 1), (3.14)
and Lm,ni,j ∩ L
m′,n′
i,j 6= ∅ if and only if m ≡ m
′ or n ≡ n′ with
L
m,n
i,j ∩ L
m,n′
i,j = {a− ω
i
2
+mb = c = d = 0}, when n 6≡ n′ (mod N),
L
m,n
i,j ∩ L
m′,n
i,j = {a = b = c− ω
j
2
+nd = 0}, when m 6≡ m′ (mod N).
The GN -orbit L0,0 ∪ L1,1 consists of 2N
2 lines with L0,0 ∩ L1,1 = ∅. For (i, j) = (0, 0), (1, 1), each
L
m,n
i,j , (m,n ∈ ZN ) is a horizontal lines of (1.5) since the restriction of π defines a N -fold cover of
L
m,n
i,j over Λ branched only at (k
′, k) = (±1, 0) with Lm,ni,j /〈u
2
2〉 = Λ, where u2 is given in (3.3).
Therefore we obtain the conclusion for the lines in the first set of (3.11). Then follow the results
about lines in second and third set in (3.11), which are isomorphic to those in the first set via the
automorphisms S, STS−1 in (3.3). ✷
Remark. (I). By (3.12), there are two sets of singularities for each degenerated fiber in (1.5),
represented by the a-value 0 or 1. For convenience, for (k′, k) = (±1, 0), (0,±1), (∞,∞±), we
denote
Sing0(Wk′,k) = Sing(Wk′,k) ∩ {a = 0}, Sing
1(Wk′,k) = Sing(Wk′,k) ∩ {a 6= 0}. (3.15)
By using (3.14) for (i, j) = (0, 1), (1, 0), and its composition with automorphisms S, STS−1, one
finds each degenerated fiber in (1.5) consists of N2 lines:
Wk′,k =
⋃
m,n∈ZN
W
m,n
k′,k , W
m,n
k′,k ∩W
m′,n′
k′,k 6= ∅ iff m ≡ m
′ or n ≡ n′;
W
m,n
k′,k ∩W
m,n′
k′,k = Sing
0(Wk′,k), W
m,n
k′,k ∩W
m′,n
k′,k = Sing
1(Wk′,k),
(3.16)
which form a GN -orbit, represented by GNW
0,0
k′,k; for instance, when (k
′, k) = (−1, 0) with L1,0 in
(3.14), the isotropy subgroup of GN at W
0,0
−1,0 is generated by Uu
−1
1 , U
2u−12 with the order 2, 2N
respectively, where Uu−11 , U
2u−12 are the involution and ω
1
2 -rotation of W0,0−1,0 respectively.
(II). Three set of horizontal lines in (3.11) are mutually disjoint. The superintegrable rapidity
lines in Remark of Proposition 3.1 are the horizontal lines defined by the first set of equations, i.e.
lines in ∪m,n∈ZN {L
m,n
0,0 ,L
m,n
1,1 } (= GNL
0,0
0,0) in (3.14). Note that the isotropy subgroup of GN at L
0,0
0,0
is generated by Uu−12 , u
2
2 of order 2, N respectively, with Uu
−1
2 = id. on L
0,0
0,0, and L
0,0
0,0/〈u
2
2〉 = Λ. ✷
3.2 The family of hyperelliptic curves in chiral Potts model
In this subsection, we describe the family of hyperelliptic curves with the symmetry group Z2×DN
related to GN in (2.52). First we consider the action of H in (2.49) on the fibration W in (3.1).
By (3.4 ), the generators V0,V1 of H are the automorphisms M
(0),M (1) of Wk′,k in (1.2). Since
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H acts freely on fibers Wk′,k in (1.1), the function field of the quotient curve is generated by the
H-invariant functions t, λ:
[t, 1] = [ab, cd], [λ, 1] = [dN , cN ] ∈ P1, (3.17)
satisfying the equation of a hyperelliptic curve of genus N − 1 with Z2 ×DN symmetry:
Wk′,k ≃Wk′,k/H : t
N = (1−k
′λ)(1−k′λ−1)
k2 , (t, λ) ∈ (P
1)2, (k′ 6= 0,±1,∞), (3.18)
where the (Z2 ×DN )-structure is provided by (2.51) (2.52) via the representation (3.3):
θ : (t, λ) 7→ (ωt, λ), σ : (t, λ) 7→ (t, 1λ), ι : (t, λ) 7→ (
1
t ,
1−k′λ
k′−λ ). (3.19)
Indeed, the equation (3.18) defines a surface over Λ with the Z2 ×DN symmetry (3.19):
W = {(t, λ; k′, k) ∈ (P1)2 × Λ | k2tN = (1− k′λ)(1 − k′λ−1)} =
⋃
k′,k∈ΛWk′,k −→ Λ. (3.20)
The fibers over the degenerated parameters are the following rational curves:
W0,1 =W0,−1 = {(t, λ) ∈ (P
1)2|tN = 1 or λ = 0±1};
W1,0 = {(t, λ) ∈ (P
1)2|tN =∞ or (λ− 1)2 = 0};
W−1,0 = {(t, λ) ∈ (P
1)2|tN =∞ or (λ+ 1)2 = 0};
W∞,∞+ =W∞,∞− = {(t, λ) ∈ (P
1)2|tN = −1 or λ = 0±1}.
(3.21)
Note that θ, σ, ι in (3.19) preserve the degenerated curves in (3.21), inducing the automorphisms
of W0,±1,W∞,∞± , but not for W±1,0. By the relation of κ
′ and k, k in (1.4), the variables k′, k, 1k
are the local coordinate of Λ near (k′, k) = (0,±1), (±1, 0), (∞,∞±) respectively. By which, W in
(3.20) is a singular hypersurface in (P1)2 × Λ with the singular locus
Sing(W ) = ∪W±1,0, (3.22)
where the singularity structure can be determined by the local coordinates k, ǫ (= λ∓ 1), s (= t−1.
In particular, W is defined by the local equation, k2 = uǫ2 near λ = ±1, t 6= 0, or k2 = usN near
t =∞, λ 6= ±1, where u is a non-vanishing local function.
We now consider the action of H on W in (1.1), and study the degeneration of curves in (3.18)
as (k′, k) tends to degenerated parameters. Denote the H-fixed point set of W by
W
H =
⋃
h∈H,h6=id
W
h, Wh := {p ∈W | h(p) = p}.
Lemma 3.2 (i) WH is a finite set consisting of singularities of degenerated fibers in (3.12) or
(3.15):
WH = WV0 ∪WV1 ∪WV0V
−1
1 ∪WV0V1 , WV0 = ∪Sing(W∞,∞±),
WV1 = ∪Sing(W0,±1), W
V0V1 = ∪Sing0(W±1,0), W
V0V
−1
1 = ∪Sing1(W±1,0),
(3.23)
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where V0V1 : [a, b, c, d] 7→ [ωa, ω
−1b, c, d], V0V
−1
1 : [a, b, c, d] 7→ [a, b, ωc, ω
−1d]. Furthermore, each
singular set in (3.23) is stable under the action of H, and Singk′,k(:= Sing(Wk′,k)/H) consists of
two elements, Sing
0
k′,k and Sing
1
k′,k, with the a-value 0, 1 respectively.
(ii) The quotient of degenerated fibers in (1.5) by H consists of lines given by
W0,±1/H =
⋃
n∈ZN
W
0,n
0,±1, (W
0,n
0,±1 ≃W
0,n
0,±1/〈V1〉),
W∞,∞±/H =
⋃
n∈ZN
W
0,n
∞,∞±, (W
0,n
∞,∞± ≃W
0,n
∞,∞±/〈V0〉),
W±1,0/H =
 W
0,0
±1,0 (≃ W
0,0
±1,0) if N odd,
W
0,0
±1,0 ∪W
0,1
±1,0, (W
0,j
±1,0 ≃W
0,j
±1,0/〈V
N
2
0 V
N
2
1 〉) if N even,
(3.24)
with the only intersection at W
0,n
k′,k ∩W
0,n′
k′,k = Singk′,k for n 6= n
′.
Proof. (i) follows from the expression of automorphisms in H and the Fermat relation of W in
(1.1). The irreducible components of a degenerated fiber Wk′,k are W
m,n
k′,k (m,n ∈ ZN ) in (3.16),
interchanged by H via the relations:
V0 : W
m,n
0,±1,W
m,n
∞,∞±,W
m,n
±1,0 −→ W
m−1,n+1
0,±1 ,W
m,n
∞,∞±,W
m−1,n−1
±1,0 ;
V1 : W
m,n
0,±1,W
m,n
∞,∞±,W
m,n
±1,0 −→ W
m,n
0,±1,W
m−1,n+1
∞,∞± ,W
m−1,n+1
±1,0 .
Hence Wk′,k/H can be represented by the H-quotient classes in (3.24). ✷
All quotient curves, Wk′,,k/H in (3.18) and (3.24), form a family of curves over Λ:
π : W/H =
⋃
(k′,k)∈ΛWk′,k/H −→ Λ. (3.25)
By Lemma 3.2 (i), H acts on W freely outside singularities of degenerated fibers, hence W/H is an
orbifold with the singular locus
Sing(W/H) = {Sing0,±1,Sing±1,0,Sing∞,∞±}. (3.26)
Lemma 3.3 The local structure of W/H near a singularity p is given by
(W/H, p) ≃
{
(C2/〈dia[ω, ω]〉,~0), for p ∈ ∪Sing0,±1 ∪ Sing∞,∞±,
(C2/〈dia[ω, ω−1]〉,~0), for p ∈ ∪Sing±1,0.
(3.27)
Proof. For p ∈ Sing(W/H), let p be an element in Sing(Wk′,k) with p = H · p. Then p is fixed by
an automorphism W in (3.23) with W = V0,V1 or V0V
±
1 . The local structure of W/H near p is
isomorphic to W/〈W〉 near p. By (3.12), among the four coordinates a, b, c, d, two are zeros at p,
which provide the local coordinate system near p in W. By (3.23), the expression of W gives rise
to the local structure of (W/〈W〉, p), then follows (3.27). ✷
Note that the relation (3.17) defines a birational correspondence between W/H in (3.25) and W
in (3.20) over Λ:
̺ : W/H ⇀ W, H · q 7→ (t, λ; k′k) = (abcd ,
dN
cN
;π(q)) (q = [a, b, c, d] ∈W), (3.28)
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which allows us to make the identification (3.18) for smooth fibers, with the birational or two-one
equivalences between H-classes in (3.24) and components of the degenerated fibers (3.21):
W0,±1/H
∼
⇀ (W±1,0)tN=1, W∞,∞±/H
∼
⇀ (W∞,∞±)tN=−1, W±1,0/H
2:1
⇀ (W±1,0)λ=±1. (3.29)
By (3.12), the fundamental locus of the birational correspondence (3.28), where ̺ is not well-defined,
consists of 10 singularities of W/H:
ab = cd = 0 : Sing0,±1,Sing∞,∞±, c = d = 0 : Sing
1
±1,0.
In order to replace ̺ by a regular morphism, we consider the minimal resolution ŴH of W/H,
η̂ : ŴH −→ W/H, ̺̂ (= ̺ · η̂) : ŴH −→W. (3.30)
It is known in algebraic geometry that η̂ is a regular morphism from the non-singular variety ŴH
to W/H where Sing(W/H) in W/H are replaced by exceptional curves η̂−1(Sing(W/H)) in ŴH .
The relationship between ŴH and the resolution of W is described by the following proposition.
Proposition 3.3 (i) For even N , ̺̂ is a regular birational morphism, by which ŴH is a resolution
of W via ̺̂, i.e. ̺̂ is a regular birational morphism, biregular between ŴH \ ̺̂−1(Sing(W )) and
W \ Sing(W ).
(ii) For odd N , the fundamental locus of ̺̂ consists of two elements ô±1,0 lying over Sing1±1,0
respectively. The blow-up of ŴH centered at ô±1,0 is a resolution of W via the ̺̂-induced regular
birational morphism.
Proof. By (3.22), Sing(W ) = ∪W±1,0, with normal-crossing double curves outside t =∞, 0 in (3.21).
The normalization of W outside t =∞, 0 in W±1,0 provides the resolution, which can be identified
with W/H outside Sing(W/H) via ̺ in (3.28). Hence we need only to study the relationship
between W and the minimal resolution of W/H near Sing(W/H) locally. Since W/H possesses
only orbifold-singularities (3.27), its minimal resolution is constructed by either Hirzebruch-Jung
continued fraction method [14, 15] or techniques in toric geometry [19]. Consider the first type
of singularity p in (3.27) with the local coordinates (z1, z2) (∈ C
2) of W near p ∈ Sing(Wk′,k),
where (z1, z2) = (
a
c ,
d
b ), (
b
d ,
c
a), (
a
d ,
c
b ), (
b
c ,
d
a) for p ∈ ∪Sing
0(W0,±1), ∪Sing
1(W0,±1), ∪Sing
0(W∞,∞±),
∪Sing1(W∞,∞±) respectively. Then the exceptional curve Ep (= η̂
−1(p)) in the minimal resolution
ŴH is a rational curve Ep ≃ P
1 with self-intersection number equal to −N . Indeed, the smooth
manifold ŴH near Ep is covered by two charts with local coordinates (z
N
1 ,
z2
z1
) or (z1z2 , z
N
2 ), and the
projective coordinate of Ep can be identified with the t-variable in (3.28): [z1 : z2] = [ab, cd]. Near
Ep in ŴH , the local defining equation of η̂
−1(Wk′,k) is given by
(z1z2 )
N = tN = 1, or zN1 = z
N
2 = ±λ = 0, p ∈ ∪Sing
0(W0,±1);
(z1z2 )
N = tN = 1, or zN1 = z
N
2 = ±λ
−1 = 0, p ∈ ∪Sing1(W0,±1);
(z1z2 )
N = tN = −1, or zN1 = −z
N
2 = ∓iλ
−1 = 0, p ∈ ∪Sing0(W∞,∞±);
(z1z2 )
N = tN = −1, or zN1 = −z
N
2 = ∓iλ = 0, p ∈ ∪Sing
1(W∞,∞±),
22
which are the same as the corresponding Wk′,k in (3.21). By (3.22), ̺̂ in (3.30) defines a biregular
isomorphism between ŴH \ η̂
−1(W±1,0) and W \ Sing(W ). Hence ̺̂ is a resolution of W outside
Sing(W ) in (3.22)2. It remains to consider the local behavior of ̺̂ near exceptional curves over the
second type of singularity p in (3.27), where the local coordinate (z1, z2) of W near p ∈ Sing(W±1,0)
is given by (z1, z2) = (
a
d ,
b
c), (
c
b ,
d
a) for p ∈ ∪Sing
0(W±1,0), ∪Sing
1(W±1,0) respectively. The orbifold
singularity at p is of type AN−1(= 〈dia[ω, ω
−1]〉) . It is known that the minimal resolution of
C2/AN−1 is covered by N charts with the coordinates system provided by toric geometry (for
example, as illustrated in [12] section 3):
Uj ≃ C
2 : (uj , vj) = (z
j+1
1 z
1−N+j
2 , z
−j
1 z
N−j
2 ), ôj : (uj , vj) = (0, 0), (3.31)
for j = 0, . . . , N−1. The exceptional divisor is Ep = E1+· · ·+EN−1, where Ej is the rational (−2)-
curve in the minimal resolution joining ôj−1 to ôj defined by vj−1 = 0 = uj. The divisors D0,DN
defined by u0 = 0, vN−1 = 0 in U0 or UN−1 are the proper transform of (z
N
1 = 0) or (z
N
2 = 0)
in C2/AN−1 respectively. First, we consider the singularity p = Sing
0
±1,0, where ̺ in (3.28) is
well-defined. In the orbifold model (3.27), W±1,0 near p corresponds to N -lines in C
2: zN1 = −z
N
2 ,
whose quotient curve in C2/AN−1 corresponds to W±0/H near p in (3.24). The inverse process
of normalization of W near (t, λ) = (0,±1) ∈ W±1,0 in (3.21) is equivalent to the identification of
N -lines zN1 = −z
N
2 in C
2 via the following local automorphisms:
(z1, z2) 7→
{
(ωz1, ω
−1z1), (−z1,−z2), for odd N,
(ωz1, ω
−1z1), (−z2,−z1), for even N.
Note that the above automorphisms are the restriction of V0V1, T
2N , UuN−12 ∈ G˜N on W±1,0
respectively, with UuN−12 = V
1−N
2
0 V
1−N
2
1 for odd N and T
2N = V
N
2
0 V
N
2
1 for even N . The induced
identification of curves in the orbifold corresponds to the (2 : 1)-morphism in (3.29). Therefore the
minimal resolution over Sing
0
±1,0 provides a resolution of W near (t, λ) = (0,±1) ∈ W±1,0. Next,
we examine the behavior of ̺̂ in (3.30) near the exceptional divisor Ep in the minimal resolution
Ĉ2/AN−1 of C
2/AN−1 for p ∈ Sing
1
±1,0 . Since the local coordinates (z1, z2) of W near p are
related to the coordinates of t, λ(= d
N
cN
) by t−1 = z1z2, (λ − k
′)zN2 = λ(1 − k
′λ)zN1 , the rational
map ̺ in (3.28) at k′ = ±1 is defined by t =∞, [∓λ, 1] = [zN2 , z
N
1 ]. In the affine chart Uj in (3.31),
zN1 = u
N−j
j v
N−1−j
j , z
N
2 = u
j
jv
j+1
j , by which z
N
1 , z
N
2 give rise to two regular functions of Ĉ
2/AN−1
with the zero-divisor (zN1 = 0) =
∑N−1
j=1 (N − j)Ej +ND0, (z
N
2 = 0) =
∑N−1
j=1 jEj +NDN , whose
ratio defines a rational map
χ : Ĉ2/AN−1 −→ P
1, ∗ 7→ [zN1 , z
N
2 ](∗). (3.32)
Then χ(D0) = [0, 1], χ(DN ) = [1, 0], and χ(Ej) = [0, 1] if j <
N
2 , and χ(Ej) = [1, 0] if j >
N
2 .
For even N , χ in (3.32) is indeed a regular birational morphism, which induces a double cover of
2The local charts near Ep in ŴH is biregular equivalent to λ
±1 = 0 in W locally only, but not the entire lines
tN = ±1. For example, in Sing0(W0,±1) case, the local biregular morphism is given by z
N
1 =
λ−k′
k
, zN2 =
kλ
1−kλ
, and
the equation (3.20) of W with tN = 1 becomes k′(λ− (k′+ ik))(λ− (k′− ik)) = 0. Hence tN = ±1 are N-lines in W ,
each with self-intersection number −2.
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EN
2
over P1 branched at 0,∞. Then follows (i) with EN
2
as a double cover of the P1-curve in
(3.21) defined by tN = ∞. When N is odd, the fundamental locus of χ in (3.32) consists of only
one element: ôN−1
2
. Indeed, one finds [zN1 , z
N
2 ] = [uN−1
2
, vN−1
2
] in the affine chart UN−1
2
centered
at ôN−1
2
. Then χ can be lifted to a regular morphism from the blow-up of Ĉ2/AN−1 at ôN−1
2
to
P1, which is identified with the exceptional curve E in the blow-up manifold. Since ̺̂ in (3.30) is
equivalent to χ in (3.32) near the exceptional divisor Ep, (ii) follows with ôN−1
2
= ô±1,0, and E
isomorphic to the (tN =∞)-curve in (3.21). ✷
As in (3.20),(3.25) and (3.28), we also consider the quotients of W by Hr,Hl in (2.49):
πr : W/Hr −→ Λ, πl : W/Hl −→ Λ, (3.33)
which are related to the following families of hyperelliptic curves with Z2 ×DN symmetry over Λ:
Wr = {(tr, λr; k
′, k) ∈ (P1)2 × Λ | tNr = (k − ik
′λr)(k − ik
′λ−1r )} −→ Λ,
Wl = {(tl, λl; k
′, k) ∈ (P1)2 × Λ | k
′2tNl = (1− kλl)(1− kλ
−1
l )} −→ Λ.
(3.34)
via the birational correspondence (see, [21] (27))3:
̺r : W/Hr ⇀Wr, Hr · q 7→ (tr, λr; k
′, k) = (acbd ,
idN
bN
;πr(q));
̺l : W/Hl ⇀Wl, Hl · q 7→ (tl, λl; k
′, k) = (ω−1/2 adbc ,
bN
cN
;πl(q)),
(3.35)
where q = [a, b, c, d] ∈ W. Note that for N ≥ 3, the above fibration are different from (3.28)
by Lemma 2.5. However, since (STS−1)Hr = H(STS
−1), SHl = HS by (2.54), one finds the
isomorphic relations between (3.28) and (3.35), using (3.6) and the representation of STS−1, S in
(3.3):
STS−1 : W/Hr ≃W/H, Wk′,k/Hr ≃W ik′
k
, 1
k
/H, (Hr · q 7→ H · STS
−1q),
̺r = ̺(STS
−1), Wr;k′,k ≃W ik′
k
, 1
k
, (tr, λr)
STS−1
7→ (t, λ) = (tr, λr);
S : W/Hl ≃W/H, Wk′,k/Hl ≃Wk,k′/H, (Hl · q 7→ H · Sq),
̺l = ̺S Wl;k′,k ≃Wk,k′, (tl, λl)
S
7→ (t, λ) = (tl, λl).
(3.36)
Through the equivalences in (3.36), one can derive the relationship between the minimal resolution
of W/Hr and Wr, or W/Hl and Wl in (3.35), from Lemma 3.3 and Proposition 3.3.
On the other hand, the normalizer of H in (2.57) gives rise to an automorphism group of W/H:
N(H)/H = 〈GN , T
−1, ST 2S−1〉/H = 〈θ, σ, ι, T−1, ST 2S−1〉, T 4 = θ2, ST 4S−1 = 1, (3.37)
which induces an action on ŴH and W in (3.30). Using (3.3), one finds the expression of the
N(H)/H-action on W . In particular, the 〈T−1, ST 2S−1〉-expression of W is given by
T : Wk′,k −→W 1
k′
, ik
k′
, (t, λ; k′, k) 7→ (ω
1
2 t, λ−1; 1k′ ,
ik
k′ ),
T 2 : Wk′,k −→Wk′,−k, (t, λ; k
′, k) 7→ (ωt, λ; k′,−k),
ST−2S−1 : Wk′,k −→W−k′,k, (t, λ; k
′, k) 7→ (t,−λ;−k′, k),
(3.38)
3The variables (Tr,Λr), (Tl,Λl) in [21] (27) are related to (tr, λr), (tl, λl) here by (Tr,Λr) = (tr, λr), (Tl,Λl) =
(t−1l ,
1−kλl
k−λl
). Indeed, the relation between (Tl,Λl) and (tl, λl) corresponds to the Wk,k′ -automorphism ι in (3.19),
which is induced by the automorphism Uu−12 u1 of Wk,k′ .
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with the induced relationship of (Z2 × DN )-symmetry inherited from those of Ŵ in (2.58); for
example, T−1(θ, σ, ι)T = (θ, σ, θ−1σι) corresponds to the T−1-relation in (2.58). Note that T :
Wk′,k ≃ W 1
k′
, ik
k′
in (3.3), and the automorphism T in (3.38) is the rapidity-identification in the
(Kramers-Wannier) duality of chiral Potts model ([16], [22] (3.9) (3.12)).
3.3 Fermat K3 surface and elliptic fibration
When N = 2, the symmetries discussed in Subsections 3.1 and 3.2 are indeed the elliptic and
modular symmetries of elliptic curves expressed by the theta functions of half-integer characteristics:
ϑ1(v, τ) (= ϑ
(−1
2
,−1
2
)(v, τ)) = 2q0q
1
8 sinπv
∏∞
n=1(1− 2q
n cos 2πv + q2n)
ϑ2(v, τ) (= ϑ
( 1
2
,0)(v, τ)) = 2q0q
1
8 cosπv
∏∞
n=1(1 + 2q
n cos 2πv + q2n)
ϑ3(v, τ) (= ϑ
(0,0)(v, τ)) = q0
∏∞
n=1(1 + 2q
n− 1
2 cos 2πv + q2n−1)
ϑ4(v, τ) (= ϑ
(0, 1
2
)(v, τ)) = q0
∏∞
n=1(1− 2q
n−1/2 cos 2πv + q2n−1),
where q = e2πiτ , q0 :=
∏∞
n=1(1 − q
n), τ ∈ H (the upper-half plane). The above theta functions
satisfy the elliptic and modular properties:
ϑ1,2(v + 1, τ) = −ϑ1,2(v, τ), ϑ1,4(v + τ, τ) = −e
−πi(τ+2v)ϑ1,4(v, τ);
ϑ3,4(v + 1, τ) = ϑ3,4(v, τ), ϑ2,3(v + τ, τ) = e
−πi(τ+2v)ϑ2,3(v, τ);
ϑ1,2(v, τ + 1) = e
πi
4 ϑ1,2(v, τ), ϑ3,4(v, τ + 1) = ϑ4,3(v, τ),
ϑ1(
v
τ ,
−1
τ ) = −i(−iτ)
1
2 e
iπv2
τ ϑ1(v, τ), ϑ2,3,4(
v
τ ,
−1
τ ) = (−iτ)
1
2 e
iπv2
τ ϑ4,3,2(v, τ).
(3.39)
and the algebraic relations:
ϑ1(v, τ)
2 = kϑ4(v, τ)
2 − k′ϑ2(v, τ)
2, ϑ2(v, τ)
2 = kϑ3(v, τ)
2 − k′ϑ1(v, τ)
2,
ϑ3(v, τ)
2 = kϑ2(v, τ)
2 + k′ϑ4(v, τ)
2, ϑ4(v, τ)
2 = kϑ1(v, τ)
2 + k′ϑ3(v, τ)
2,
(3.40)
where k = ϑ2(0)
2
ϑ3(0)2
, k′ = ϑ4(0)
2
ϑ3(0)2
with k2+ k′2 = 1. The first two relations in (3.39) yield ϑj(v+2, τ) =
ϑj(v, τ) = e
4πi(τ+v)ϑj(v + 2τ, τ), hence by (3.40), we find the uniformization of the elliptic curve
W
(2)
k′,k
4:
C/(2Z+ 2τZ) ≃W
(2)
k′,k, [v] 7→ [a, b, c, d] := [ϑ1, ϑ2, ϑ3, ϑ4](v, τ), k
′ 6= 0,±1,∞. (3.41)
The family W(2) in (3.1) for N = 2 is a elliptic K3 surface over Λ (≃ H/PSL2(Z4)). The generators
of G˜2 for the fibration in (3.3) can be identified with
u1 : [a, b, c, d] 7→ [id, c, b, ia] = [a, b, c, d](v +
τ
2 , τ),
u2 : [a, b, c, d] 7→ [b,−a, d, c] = [a, b, c, d](v +
1
2 , τ),
U : [a, b, c, d] 7→ [−a, b, c, d] = [a, b, c, d](−v, τ),
S : [a, b, c, d] 7→ [−ia, d, c, b] = [a, b, c, d]( vτ ,
−1
τ ),
T : [a, b, c, d] 7→ = [i
1
2 a, i
1
2 b, d, c] = [a, b, c, d](v, τ + 1),
(3.42)
4Here the parameterization differs from those in [6] section 3 or [22] section 3.4 by some minus signs, where
[a, b, c, d] = [−ϑ1(v; τ ),−ϑ2(v; τ ), ϑ3(v; τ ), ϑ4(v; τ )] with v =
u
2I
, I = π
2
ϑ23(0, τ ).
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in which 〈u1, u2, U〉 is equal to the automorphism group G2 of (3.41). Indeed, the K3 surface
W(2) is parametrized by C×H, with the action of the semi-product group R2 ∗ SL2(R) from the
right, where the conjugation of M =
(
A B
C D
)
∈ SL2(R) on u = (
a
b ) ∈ R
2 in R2 ∗ SL2(R) is
given by M · u · M−1 = Mtu (matrix multiplication). It is known that the R2 ∗ SL2(R)-action
gives rise to a left-action on entire functions ϕ(v, τ) of C ×H: (g|ϕ)(v, τ) = λ(v, τ ; g)ϕ
(
(v, τ)g
)
where λ(v, τ ;u) = eπi(a
2τ+2a(v+b)) and λ(v, τ ;M) = (Cτ + D)
−1
2 e
−πiCv2
Cτ+D 5. The G˜2-action of W
(2)
in (3.42) is indeed induced from an action of C ×H so that each g ∈ G˜2 can be identified with
some g ∈ Q2 ∗ SL2(Z) acting on C×H. The G˜2-generators in (3.42) correspond to the following
elements in Q2 ∗ SL2(Z):
g = u1, u2, S, T, U ↔ g = u1 = (
1
2
0 ), u2 = (
0
1
2
),S =
(
0 −1
1 0
)
,T =
(
1 1
0 1
)
,S2;
SuiS
−1, TuiT
−1 ↔ S−1uiS,T
−1uiT.
Note that in the above correspondence, g1g2 ∈ G˜2 corresponds to g2g1 ∈ Q
2 ∗ SL2(Z) for gi ∈ G˜2
induced from gi ∈ Q
2 ∗ SL2(Z) (i = 1, 2). Hence we obtain the description of W
(2), G˜2 and G2 in
terms of uniformization of elliptic curves:
W(2) ≃ (C ×H)/〈〈4u1, 4u2, (2u2) ∗ T
−4〉〉N,
G˜2 ≃ (Z
2
4 ∗ SL2(Z))/〈〈(
0
2) ∗T
−4〉〉N, G2 ≃ Z
2
4 ∗ 〈S
2〉.
Remark. The above G2 is a representation of relations in (2.26). Even though there are infinity
many symmetries for a single fiber (3.41), only those in G2 can be extended to automorphisms
of the fibration W(2), including degenerated fibers in (1.5). By Proposition 3.2 Remark (II), the
superintegrable rapidities in (3.41) is the G2-orbit of
1
4 , consisting of 16 elements. ✷
We now consider the hyperelliptic family in Subsection 3.2 for N = 2. By Lemma 2.5 (i), the
subgroups in (2.49) are all equal, H = Hr = Hl = G
′
2,1 = 〈2u1, 2u2〉 with G˜2/G
′
2,1 in (2.43); so
are the fibrations in (3.25) and (3.33): W/H = W/Hr = W/Hl with only orbifold singularities at
(3.26), all of type A1 by Lemma 3.3. Hence the minimal resolution ŴH of W
(2)/H in (3.30) is a
K3 surface. Indeed, ŴH is also an elliptic fibration over Λ with the fibers described by
(ŴH)k′,k =
{
W
(2)
k′,k/H ≃ C/Z+ τZ, if k
′ 6= 0,±1,∞;
F+ + F− + E+ + E−, if (k
′, k) = (0,±1), (±1, 0), (∞,∞±),
where the parameter τ is inherited from (3.41), and F± are the proper transforms of degenerated
fibers in (3.24), E± the exceptional divisors, of which all are rational (−2)-curves with the inter-
section only between E± and F±. By Proposition 3.3 (i), ŴH can be regarded as a resolution of W
5In this paper, the automorphism group acts on spaces from the right with the induced left-action on functions,
different from the convention in [20] where the automorphism group acts on spaces from the left with induced operators
on functions acting from the right. Indeed, the action of the semi-product R2 ∗ SL2(R) on C×H from the left was
given by formulas in [20] page 3067 with the conjugation of M ∈ SL2(R) on v ∈ R
2 given by M−1 · v ·M = vM (the
matrix product). Changing the left action in [20] to the right action, one obtains the convention used in this paper:
M · vt ·M−1 = M tvt. Similarly the left action M |∗ on functions here is the same as the right action ∗|M in [20].
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in (3.20), so the same for Wr,Wl in (3.34). In fact when N = 2, both Wr and Wl are isomorphic
to W via the following birational correspondences:
W ≃Wr, (t, λ) 7→ (tr, λr) = (
kt
1−k′λ ,
ikλ
1−k′λ ),
W ≃Wl, (t, λ) 7→ (tl, λl) = (
ikt
k′−λ−1 ,
1−k′λ
k ),
(3.43)
by which ̺r, ̺l in (3.35) are identified with ̺ in (3.28). Since H is a normal subgroup of G˜2, G˜2/H
gives rise to an automorphism group ofW(2)/H andW . The action of G˜2 onW extends the relations
in (3.36) through the birational identification (3.43), e.g. the composite Wk′,k ≃Wl,k′,k
S
≃ Wk,k′ of
isomorphisms in (3.43) and (3.36) provides the identification S : Wk′,k ≃Wk,k′.
Remark. The birational equivalences in (3.43) hold only in N = 2. When N ≥ 3, W,Wr,Wl are
not birational equivalent.
4 Concluding Remarks
In this work, we perform a thorough mathematical investigation of symmetries related to rapidities
in CPM within the context of group theory. The set-up is conceptually based upon the analysis
of common features of rapidity automorphisms (1.2) in N -state CPM for all N , then generalizes
the structure to modular symmetries of the rapidity family (1.6) that was revealed in the elliptic
K3 surface for N = 2. By using this approach, the various aspects of the structure groups are
studied in Section 2. Through the representation theory, the structure group can be identified with
the automorphism group of all rapidity curves, which constitute the Fermat hypersurface (3.1). In
Section 3, we perform a detailed investigation about the geometrical and symmetry properties of
the rapidity fibration of Fermat surface and its associated hyperelliptic-fibered surfaces in CPM, in
the context of surface theory in algebraic geometry. In particular, the intriguing configuration as
well as the singularity in degenerated rapidities have developed certain special features in the global
geometrical structure of algebraic surfaces involved. This paper contains several new observations
about the rapidity family of CPM in mathematics and physics, especially those involving the
degenerated rapidity curves. Though the structure groups and Fermat rapidity surfaces can be
thought of as interesting mathematical topics in their own rights, the physical implications could
make it more significant and easier to understand. One relevant physical problem is to find out
which ones among N -state CPM provide the same theory in statistical mechanics. A pre-condition
is the similarity of their rapidities, or equivalently, the rapidity curves are isomorphic under G˜N -
relations in (3.3). Hence the possible temperature candidates are among (3.10). For instance, as
hinted at the end of Subsection 3.2, the modular symmetry T responses the Kramers-Wannier
duality of chiral Potts model in [22]. Along this line, the possibility of other equivalent theories in
CPM is currently under investigation.
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